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Abstract This paper presents a topological interpretation

of some developmental events through the use of well-

known concepts and theorems of combinatorial geometry.

The organization of early embryo using a simulation of

cleavage considering only blastomere contacts is examined.

Each blastomere is modeled as a topological cell and whole

embryo—as cell packing. The egg cleavage results in a

pattern of cellular contacts on the surface of each blastomere

and whole embryo, a discrete morphogenetic field. We find

topological distinctions between different types of early egg

cleavage and suggest a topological classification of cleav-

age. Blastulation and gastrulation may be related to an

inevitable emergence of discrete curvature that directs

development in three-dimensional space. The relationship

between local and global orders in metazoan development,

i.e., between local morphogenetic processes and integral

developmental patterns, is established. Thus, this method-

ology reveals a topological imperative: a certain set of

topological rules that constrains and directs biological

morphogenesis.

Keywords Blastulation � Cell packing � Combinatorial

curvature � Convex polytope � Egg cleavage � Gastrulation �
Planar graph � Structural stability � Topological polyhedra �
Topological singularity

Introduction

Obviously, spatial organization of living system is

dynamic. It is also clear that living organisms inhabit and

develop in the real physical space and are organized

according to the properties of this space. A long time ago

professor of physics Johann Benedict Listing wrote ‘‘By

topology we mean the doctrine of the modal features of

objects, or of the laws of connection, of relative position

and of succession of points, lines, surfaces, bodies and their

parts, or aggregates in space, always without regard to

matters of measure or quantity’’ (Listing 1847). Later

embryologists and scientists of high range Noel Joseph

Terence Montgomery Needham and Conrad Hal Wadd-

ington noted that adequate definitions of biological mor-

phology can be obtained through the use of topological

concepts and terminology (Needham 1936; Waddington

1940). Indeed now we knows from a large number of

applications that topology operates with the most general

properties of spaces as mathematical subjects (Bourbaki

1948). Later on, wide-ranging mathematician René Thom

put forward abstract topological models of embryogenesis

in his famous paper (Thom 1969). Thom always argued

that quality cannot be reduced to quantity, as the discrete

character of biological morphogenesis entails qualitative

E. Presnov (&)

The Volcani Center, 85280 Gilat, Israel

e-mail: epresnov@agri.gov.il

V. Isaeva

A.N. Severtsov Institute of Ecology and Evolution of the Russian

Academy of Science, Moscow, Russia 119071

e-mail: vv_isaeva@mail.ru

V. Isaeva

A.V. Zhirmunsky Institute of Marine Biology, Far East Branch

of Russian Academy of Sciences, Vladivostok, Russia 690041

N. Kasyanov

Institute of Theory of Architecture and Town Planning,

Moscow, Russia

e-mail: kas_nv@mail.ru

123

Theory Biosci. (2010) 129:259–270

DOI 10.1007/s12064-010-0103-y



discontinuities and involves topological relations: ‘‘there

have indeed been qualitative innovations in evolution’’

(Thom 1969). Nowadays, the elementary topological

language for formalization of biological forms and mor-

phogenetic processes has become a more common practice

and is used for simulations of form dynamics in ontogeny

and evolution (Presnov 1982; Maresin and Presnov 1985;

Weigel 1993; Presnov and Isaeva 1996; Jockusch and

Dress 2003; Isaeva et al. 2006, 2008; Pivar 2007). The

mathematical conceptions were widely explored in the past

century for plant tissues and can be found in the classical

monograph of D’Arcy Wentworth Thompson (1917, see

Thompson 1962). Following this work, patterns of many

tissues were seen as having polyhedral structures (Dormer

1980; Smolyaninov 2006). The polyhedral models became

a usual approach for many problems in chemistry and

physics (Atiyah and Sutcliffe 2003) as well. Our aim is to

build a combinatorial scheme of embryo organization as a

whole within the framework of polyhedral models.

The spatial organization of blastomeres of early embryo

is a stable feature of taxonomic value, which is evolu-

tionarily and genetically determined. During early devel-

opment embryonic form creation is labile and has a variety

of forms of polyhedra. These forms evolve from one to

another in development. Egg cleavage can be mathemati-

cally simulated through one of the following approaches:

1. Morphological approach: transitions from stage to

stage in embryo development are described based on

the three-dimensional organization of blastomeres in

each developmental stage. This method has a two-

dimensional reduction: the conglomerate of polyhedra

can be presented by projecting it on the sphere (Korn

1980; Lewis et al. 1988; Morris et al. 1989; Zarenkov

2006; de Reuille et al. 2006). Moreover, this reduction

allows to formulate an epithelial topology of prolifer-

ating cells such as Markov chain (Gibson et al. 2006).

2. Functional approach: cell connections and their func-

tions are emphasized. Each cell of the embryo is

reduced to a point. Contacts between two cells are

represented by line connecting the points. The dual

graph for the packing cells can be build. This method

also has its history in mathematical simulation of

development (Mescheryakov and Beloussov 1978; Doi

1984), and has evolved along with the morphological

approach.

Since the present work focuses on the morphological

structuring of early embryonic development, we shall

firstly review some of the basic assumptions and termi-

nology used in this field. Presumably, in the process of

individual development the possible embryonic patterns do

not initially possess geometrical rigidity in most animals

and look sufficiently labile in this sense. All such patterns

have another type of rigidity or stability, a topological one.

In other words, the early patterns sequentially replacing

one another are structurally stable during intervals between

the topological modifications [surgeries]. For instance,

differential tissues and inner cellular structures are char-

acterized by complex external surface (Presnov et al. 1988;

Poudret et al. 2008). But saying this is not enough—

topology of cell connections inside embryo should also be

described, because communications between neighboring

cells play a crucial role during embryonic development.

To accomplish this goal, let us use some of the

well-known mathematical notions. Some centuries ago

Leonhard Euler proposed that all geometric patterns consist

of three fundamental elements: lines [or trajectories], ver-

tices [or crossings], and areas [or openings]. A polyhedron

is a geometric figure, which is the 3d-version of the plane

polygon. Put differently, it is a finite connected set of

polygons joined together in such a pattern that each side of

every polygon is tangent to [connected to] a side of exactly

one other polygon. The cleavage embryo is a conglomerate

of connected blastomeres defining the embryo’s geometry.

Each blastomere has spherical external surface. This closed

spherical surface of blastomere defragments into the con-

tact domains. Let us mentally expend all these domains, so

they will connect with other domains on this blastomere.

We blow up each domain in such a way that it contacts

with other domains on the external surface of a given cell

(so for each domain its corona appears). These domains can

be considered as curved faces of generalized polyhedron.

Thus each blastomere looks like a non-geometrical poly-

hedron but a spherical polyhedron. Those polyhedra belong

to class of topological polyhedra: a space homeomorphic to

a polyhedron is called a topological polyhedron [t-poly-

hedron]. In other words we can talk about cell complex

[CW-complex] as a model of biological tissue (see also

Hoffman 1973; Honda et al. 2004). Any polyhedron gives

rise to a graph, or skeleton, with corresponding vertices and

edges. However, in case of geometric polyhedron, there

must be at least 4 faces. In case of topological polyhedron,

the number of faces is not restricted. Topological polyhedra

appear in the beginning of the cleavage: for small blasto-

meric configuration. Therefore, we shall consider topo-

logical pseudo-polyhedra—spherical patterns with 1, 2, and

3 faces.

2d-Problems: graphs on the sphere. Polyhedral

surfaces. Egg cleavage as tessellation of the sphere

Let us introduce the mathematical background of our

model. A planar graph G = (V, E, F) is a graph which is

embedded in the Euclidean plane R
2, where V denotes the

set of vertices, E the set of edges of G, and F denotes the
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family of connected (ever simply connected) components

of the complement of the image of G in R
2. The elements

of F are called faces of G. We will always assume that our

graphs are compactly finite, i.e., every point in R
2 has a

neighborhood, which meets only finitely many faces. We

call a face f [ F a polygon if the closure of this face [�f ] is

homeomorphic to a closed disc and its boundary defines a

simply closed path of vertices. In this case, the boundary is

called the boundary cycle qf of f. The edges, which belong

to qf are called the sides of f. The number of sides of f is

denoted by Eqf or fj j (we use the latter). If the polygon

f has k = fj j sides it is called a k-gon. The number of edges

emanating from a vertex v [ V is called the degree of v,

denoted by vj j. A planar graph G in R
2 is considered as

tessellating (Klassert et al. 2006) if the following condi-

tions [edge-to-edge] are satisfied:

(i) Any edge is a side of precisely two different faces.

(ii) Any two faces are disjoint or have precisely either a

vertex or a side in common.

(iii) Any face f [ F is a polygon with finitely many sides.

(iv) Every vertex has a finite degree.

This implies that for a given number e2 = Fj j of contact

regions [faces], there are a large number of graphs with

different number of vertices e0 = Vj j and edges e1 = |E|.

However, we can decrease this variability, if a structural

stability of this pattern [graph] is proposed. The structural

stability has many notions and numerous natural applica-

tions. A central characteristic of a structurally stable graph is

the preservation of its topological structure in case of small

perturbations. Therefore, the degree of each of the graph

vertices is vj j ¼ 3. Such a topological property is a direct

consequence of the topological nature of 2d-space (Fig. 1).

As we have already clarified, in any vertex of graph G,

three edges intersect and since each edge has two vertices,

we have

3e0 ¼ 2e1 ð1Þ

So, using this combinatorial note and Euler’s theorem

we get the system of algebraic equations for the connected

graph of given closed surface of the genus p

3e0 ¼ 2e1

e0 � e1 þ e2 ¼ v

�
ð2Þ

Here v = 2 - 2p is Euler’s characteristics (Dubrovin

et al. 1995). First of all, it is easy to see that for 2d-

domains, the average number of edges per one face is

a1 = 2e1/e2. In the case of sphere (S2 � R
3), the genus is

p = 0 and consequently v = 2.

a1 ¼ 6� 6v
e2

¼ 6� 12

e2

ð3Þ

Thus, by considering topological properties of 2d-tiling

alone, we can establish that the average number of faces

per tiles of any tiling on the sphere is less than 6 (3).

Further, for the spherical surface and for fixed number of

contacts e2 [e2 C 3] the system (2) has a unique solution:

e0 ¼ 2 e2 � 2ð Þ; e1 ¼ 3 e2 � 2ð Þ ð4Þ

Consequently, we can describe the basic configurations

of the structurally stable polyhedra as:

Vertexesj j; Edgesj j; Facesj jð Þ ¼ e0; e1; e2ð Þ ð5Þ

These polyhedra are illustrated in next figures by the

order of e2. The first two configurations with less than three

faces [e2 B 2] shown in the Fig. 2 do not have the property

(1). The third configuration (2;3;3) or a blastomere with

three neighborhoods defines a unique pattern of contacts on

the sphere. (We do not consider a self-connecting [self-

touching] of the same face by additional edge. Any face is

homeomorphic to a solid disk.) So the first three

configurations have realization that resembles topological

polyhedrons. But the configuration (e0;e1;2) with two faces

has many realizations, such as (1;1;2), (2;2;2) and so on,

where e0 = e1 = k (Fig. 2).

It is important to note that even in the case of the struc-

turally stable graphs with e2 C 4 any configuration does not

uniquely define the pattern of faces on the sphere. In other

words, the configuration of high combinatorial code has

several different physical realizations, such as convex poly-

hedrons, which are not topologically equivalent to each

other. Two polytopes are called combinatorially equal to

each other if they have the same number of vertices, edges,

and faces that can be, respectively, put into one-to-one cor-

respondence. For example, the configuration with four faces

[e2 = 4] has two different topological realizations on the

Fig. 1 Any small perturbation of a vertex with a degree higher than 3

leads to an appearance of several vertices of degree 3

Monohedron 

( )
1

1; 0; 1

0

Dihedra 

( )
2

; ;2k k

k

Trihedron 

( )
3

2;3;3

2

Tetrahedra 

( )
2 2

4; 6; 4

2 443

Pentahedra  

( )
2 3 3 2 1 2 2 2 2 1

6; 9; 5

3 4 2 6 2 3 5 2 4 6

Fig. 2 Configurations are ordered according to the number of faces.

First configurations are spherical polyhedra: one face (1;0;1) = 01;

two faces: dihedral patterns (1;1;2) = 12, (2;2;2) = 22,…; three

faces: 3-gonal trihedral pattern: (2;3;3) = 23; four faces: two

tetrahedra (the first of them is regular); five faces: four pentahedra.

Here and below nx denotes the number x of n-sided faces
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sphere. The configuration with five faces [e2 = 5] have more

than 2 realizations and so on (Fig. 2).

Some spherical polyhedra in Fig. 2 have a face with 2

edges. These faces, probably, do not appear in real tissues.

But these faces can be found during first egg cleavage

(2-blastomere stage) for small blastomeric populations.

Versions with 3 faces are not realistic for small cell

packing too. When the number of faces exceeds 4, multiple

solutions emerge (Figs. 3, 4).

So each configuration depicted in Figs. 2, 3, and 4

allows for many (but finite) number of different topological

models of sphere packing by 2d-faces. In these figures,

only some of the possible polyhedra are presented, which

are the basic elements of filling constructions. In these

figures, we provide standard convex polyhedra, because

these many-faced polyhedra are the best models of real

packing of embryonic and real tissue layers.

3d-Problems: space-filling by geometrical polyhedra

as an example of ideal (unreal) embryonic pattern

It was suggested that although the packing problem’s for-

malism is highly suitable for embryonic cleavage, there is a

substantial difference: while the former employs equal

spheres, blastula cells have different dimensions

(Zammataro et al. 2007). We do not intend to claim that

embryonic packing can be presented by pure geometrical

patterns. But we do suggest that general rules and mathe-

matical formalization of these packing can be used in

embryology. To further elaborate this suggestion, we

consider here a locally finite tiling of Euclidean 3d-space

where each tile of the tiling is convex polytope only. A

tiling of the space by polyhedra is defined as a collection of

non-overlapping polyhedrons that cover the whole space

without gaps: face-to-face. The only regular polyhedron

that will produce a tiling of Euclidean 3d-space is cube, if

all tiles are identical. However, obviously the cubic filling

of the space is not structurally stable.

To simplify the problem, among all possible types of

packing we will choose only convex polyhedra. A classic

problem asks for the different types of convex polyhedra

that fill the space when repeated by translation. In 1885,

the military engineer Eugenij Stepanovich Fedorov showed

that there are only five types of such packing. In one of

these structures, four polyhedra meet at each vertex, three

vertices are joined to four others by edges, creating a

structure that chemists call a four-connected net (O’Keeffe

1999) and physicists—the Plateau’s laws (here we use the

term structurally stable instead). We will concentrate on

this specific type of packing, given its structural stability.

Another property that should be considered when dis-

cussing structurally stable packing by convex polyhedra is

its optimality in terms of minimization of face area under

volume constraints. Lord Kelvin (Sir William Thomson)

suggested that with suitably curved edges, the truncated

octahedron would be the lowest-energy structure (that is,

lowest surface area) of monodisperse foam. Kelvin

believed that this polyhedron divided space into equal-

volume cells with the least possible surface area. It was the

first example of structurally stable packing with the simplest

periodical units (a single semi-regular polyhedron)—Kelvin

14-hedron (or Kelvin’s cell [tetrakaidecadedron—4668]).

Every vertex of Kelvin’s cell belongs to one square face

and two hexagonal faces. Kelvin’s cell is the Voronoi cell

of the body-centered cubic lattice. The four-connected net

of edges of the configuration is the zeolite framework for

the sodalite structure (zeolite framework SOD). Kelvin’s

cell and additional examples of periodical tiling are rep-

resented in Fig. 5, where A2 is the average number of faces

per tile for 3d-tiling.

However, in 1994 it was shown, that if the foam bubbles

are not required to be congruent, Kelvin’s conjecture is false

(Weaire and Phelan 1994). A structure with lower energy

      

 Hexahedra 

( )
2 2 2

8; 12; 6

3 4 564

Heptahedra 

( )
5 2 2 3 2

10; 15; 7

4 5 3 4 6

Octahedra 

( )
4 4 4 4

12; 18; 8

4 5 3 6

Nonahedra 

( )
3 6 6 3

14; 21; 9

4 5 4 6

Decahedra 

( )
2 8 4 6

16; 24; 10

4 5 3 6

Fig. 3 This figure is a continuation of previous figure. The figure

presents several examples of configurations with multiple patterns on

the sphere: hexahedra have 6 faces (the first is the regular one) and

so on

Undecahedron 

( )
4 4 3

18; 27; 11

4 5 6

Dodecahedron 

( )20; 30; 12

125

13-hedron 

( )
1 10 2

22;33;13

4 5 6

Tetradecahedron 

( )
12 2

24; 36; 14

5 6

15-hedron 

( )
12 3

26;39;15

5 6

16-hedron 

( )
12 4

28;42;16

5 6

Fig. 4 Continuation of previous figures. Undecahedron—11 faces

445463; dodecahedron—regular: (512); 13-hedron—Matzke cell

4151062. 14, 15, 16-hedrons. There are types of cells found in TCP

foams (see below), each with 12 pentagonal faces like the classical

regular dodecahedron (512). The remaining three have in addition two

(tetradecahedra—14 faces 51262), three (51263) or four (51264)

hexagonal faces, arranged antipodally, equatorially, and tetrahedrally

( )16 84 6

1 24 6

2 14A =

( ) ( ) ( )3 1 1

6 6 8 12 8 64 4 6 4 6 8∪ ∪

3 1 2 1 1 14 4 6 4 6 8+ +
3

2 511A =

( ) ( )3 1

8 2 12 8 64 8 4 6 8∪

2 1 1 1 14 8 4 6 8+

2 14A =

( ) ( ) ( )8 4 4

4 4 8 6 12 8 63 6 3 8 4 6 8∪ ∪

1 2 1 2 1 1 13 6 3 8 4 6 8+ +

2 14A =

Fig. 5 Space-filling tiles: body-centered cubic (BCC) lattice. First
row is the formula of the periodic units of packing. Second row is the

formula of vertices. Third row is the average number of faces per tile
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was found that was based on a packing of two kinds of

polyhedra. It contains eight different monodisperse cells:

two regular pentagonal dodecahedra (512) and six 14-hedra

(that have twelve pentagonal faces and two hexagonal faces

(51262). This Weaire-Phelan [WP] foam is a tiling with

cavities of equal volume with a considerably smaller

(0.3380%) surface area then Kelvin’s foam. Combinatori-

ally, because of structural stability, foam is dual to some

triangulation of space. This property gave rise to develop-

ment of a new class of foams known as tetrahedrally close-

packed [TCP] structures, among which is the one A15 as

their counterexample to Kelvin’s conjecture. In particular, it

became possible to construct infinite families of new peri-

odic TCP structures, all of which are convex combinations of

the three basic TCP structures [A15, Z, and C15] (Sullivan

2000) (see corresponding periodical units on Fig. 6).

However, real foams often have a distribution of bubble

volumes, and their topology (number of sides) is correlated

with the geometry (area): larger bubbles tend to have more

neighbors (Cox and Graner 2004). In non-differentiated or

other tissues with dense cellular packing without extra-

cellular matrix or cavities (embryonic 3d-tissues, fat tissue,

plant meristems, and parenchyma), the geometrical simi-

larity of cells to polyhedra is observed. The mutual com-

pression of soft and easily deforming spherical cells having

approximately equal volume results in transformation of

spheres into polyhedra. In the first experimental data con-

cerning the 3d-biological tissues were established that the

average degree of cell adjacency of the elder core is close

to 14 (Lewis 1943). It was found that Kelvin’s cell was

encountered 11 times among the randomly chosen one

hundred 14-hedron cells (Hulbary 1948). Also it was

constructed random monodisperse foams by individually

blowing *103 bubbles and placing them into a container

by hand; the most abundant cell was 13-hedron (1 quad-

rilateral, 10 pentagons, and 2 hexagons—4151062). And it

was found by studying photographs averages of 13.70

faces/cell and 5.124 edges/face (almost all faces were 4, 5,

or 6 sided) but did not find any triangular faces; nor—a

single Kelvin’s cell (Matzke 1945).

In the course of our study of the equal-volume case, we

encountered what we call the kissing problem for

(deformable) bubbles. The original kissing problem, dis-

cussed by astronomer David Gregory and Sir Isaac Newton

in 1694, was ‘‘How many equal balls can touch a given ball

of the same size in the same time?’’ In two dimensions the

answer is obvious and well-known—only six hard discs

can be packed around one other, in the familiar honeycomb

arrangement. For the 3d-problem, consideration of the

angle subtended by each sphere at the center might lead

one to assume that the maximum number could be as high

as 14. As it turns out, Newton was correct—the correct

answer is 12 (the regular icosahedron yields a configuration

of 12 touching balls (Hales 2000; Pfender and Ziegler

2004).

Topological tiling of the space as a real simulation

of cleavage

Filling space with polyhedra is a rich source of mathe-

matical problems, many of them still unsolved. For

instance, the question of the average number of faces

remains open even for the standard 3d-Euclidean space,

both for geometric and topological filling (Dolbilin and

Tanemura 2006). This section provides a conjecture for the

average number of faces in tiles of the topological tiling

problem. Let us introduce the next significations for

3d-tiling: let i be a tile; e0(i), e1(i), and e2(i)—be the

numbers of vertices, edges, and faces of tile i. For geo-

metrical polyhedra in 3d-Euclidean space, we have E3—the

number of polyhedra [cells]. Then summing system (1) by

number of tiles [E3], we have for compact three-dimen-

sional manifold [3-manifold] next algebraic equations:

3
P

e0ðiÞ ¼ 2
P

e1ðiÞP
e0ðiÞ � e1ðiÞ þ e2ðiÞ½ � ¼ 2E3

�
ð6Þ

Let E0, E1, E2, and E3 be the numbers of vertices, edges,

faces, and cells of all tiling. When abstract face-to-face

tiling of 3d-space by topological polyhedra is considered,

the basic property of full side contact between the faces of

adjacent polyhedra remains. We can rewrite the system (6)

using additional notions: for 3d-domains A1 is the average

number of edges per one face in the tiling and therefore

A1 \ 6 since every tile is homeomorhic to sphere; A2 is the

average number of faces per one cell in the tiling. By

combinatorics of tiling for compact 3-manifold we have the

following system:

4E0 ¼ 2E1

4E0 � 3E1 þ 2E2 ¼ 2E3
3E1

E2
¼ A1

2E2

E3
¼ A2

8>><
>>:

ð7Þ

Note that A2 C a2, where a2 is the average number of

faces per real tile for not compact 3d-packing with

A15

( ) ( )2 6

12 25 6125

1
2 213A =

Z

( ) ( ) ( )3 2 2

12 2 12 35 6 5 6125

3
2 713A =

C15

( ) ( )4 2

12 45 6125

1
2 313A =

Fig. 6 Space-filling tiles: tetrahedrally close-packed (TCP) structures
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boundary. So we have the analytical expression of

structural stability in 3d:

A2 ¼
12

6� A1

ð8Þ

It is clear that A1 [ 4.5 (see, for example, the analysis of

regular geometrical patterns and observations in nature)

and consequently from (8) we obtain A2 [ 8. The main

question now is ‘‘How A1 approximates to 6?’’ When tiles

are of equal volume in tiling, we have, probably,

13 \ A2 B 14. How we can see from examples on

Figs. 5 and 6 for periodical packing 113
5
�A2� 14. Is it

right for any periodical packing?

It should be noted that real physical foams or biological

tissues are not compact 3-manifold. These real cell com-

plexes always have external boundaries. Note also that the

exterior of the whole embryo in this approach must be an

imaginary infinite cell. This imaginary cell comes into con-

tact with the boundaries of some blastomeres. The shape of

this cell is pre-determined by the external faces of such

blastomeres. So, topologically, the given foam with this

imaginary cell forms compact 3-manifold. For all sets

of blastomeres {bn(i)} of n-blastomere stage, we have

an additional imaginary blastomere (or blastomeres)
~bn nþ jð Þ
� �

with number of faces that equals

~en
2 nþ jð Þ ð9Þ

In the case of compact 3-manifold, we have the next

restriction:

Xi¼n

i¼1

en
2 ið Þþ

X
j¼1

~en
2 nþ jð Þ ¼ 2m ð10Þ

Our conjecture for the average number of faces in

specific tiles during early development is:

A2 ¼ avg en
2 ið Þ; ~en

2 nþ jð Þ
� �

�!
½n!N�

const\14 ð11Þ

We think that this number from interval 11; 14ð Þ has

stable taxonomic characteristic for each tissue in

development.

Another factor to be considered is the blastomeres’

shapes, which can be highly complex, with concave, flat-

tened and convex surfaces. Blastomeres also differ in size

and volume (Tassy et al. 2006). For example, a large

conglomerate of connecting cells with the same number of

contacts has 12 contacts per cell for not-solid tissue and 14

contacts per cell for solid tissue. When the number of

contacts is smaller, for example, less than 12, the cell will

be smaller in size. As a rule, cells with a large number of

faces ([14 contacts) tend to have large metrical contribu-

tions, whereas cells with fewer faces (\12) tend to have

smaller metrical contributions (Rios and Glicksman 2007).

But the average of all cells have about 12–14 contacts per

cell. Moreover, big cells and therefore, cells with a large

number of contacts, presumably define certain morphoge-

netically active centers. Therefore, inhomogeneous struc-

tures of tiling are a way to construct different tissues. The

role of topological patterns in embryo decreases at further

developmental stages and detailing of geometrical form

takes place in organisms. Nevertheless, the prevailing of

geometrical details over topological ones during organo-

genesis does not mean that purely topological features

vanish. Thus, on the subcellular level the structural orga-

nization always depends to a high degree upon topological

patterns. It is natural to assume that the geometrical vari-

ability in the whole and the topological stability of intra-

cellular structures in particular is more characteristic of

embryonic and cambial cells than of differentiated ones.

When the tissue organization of multicellular plants and

especially animals appears, the topological structure

becomes more rigid and unified with geometrical vari-

ability of cellular packing in tissues.

A model based on cell contact number can be built for

simulation of blastula formation from morula. A cell con-

glomerate has a set of inner contacts between blastomeres.

This set of contacts is inhomogeneous. The cells do not

maintain a large number of contacts or a big size in

development. Big cells are not stable and thus they divide

into smaller cells. Increasing number of cells during early

cleavages leads also to the increasing number of contacts

per cell and subsequent differentiation. Evidently, in early

development, the average number of contacts per cell a2

has a tendency to increase and after a stage of 14 blasto-

meres this average can be close to 14 (see (2)). When the

number of contacts per cell is becoming larger than 12, one

inner contact face which has more than 6 neighboring faces

may transform into an inner cavity.

The property of convexity means that a ‘‘curvature’’ (see

below) of each face must be positive. For cell packing, a

cell with face that has more than 6 neighboring faces exists

(by inhomogeneous cell divisions Presnov 1999). Mathe-

matically, it means that the face has negative discrete

curvature. But this face is also an inner face of an adjacent

cell, which has a negative curvature too. Therefore, the

same physical face has couple forces directed to different

sides separating the cells, so it is the reason for the

appearance of the blastocoel cavity. The appearance of this

cavity in the development is a necessary condition for

breaking the homogeneity of cell package and for the

increase of external surface. This increase in surface area

would increase the free energy of the system. Additionally

discussion about a physical property of curvature to be a

strong driving force was done for a case of formation of

small phospholipid vesicles (Wang and Du 2008).
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Combinatorial classification of blastomere packing

Before we have considered the packing conglomerate with

a big number (or infinity) of cells. Now we go to small cell

populations. From a mechanical point of view, many

cleavage patterns do not seem like stable patterns. But this

cleavage architecture is dynamic and appears in develop-

ment only for a short period. So these figures of cleavage

provide specific ways of describing stable patterns, which

appear in the end of early development. For example, the

square formation is unstable and tends to slide into the

stable pattern: spherical cells (soft material) form a flat line

of contact with an adjoining spherical cell that presses

against it (Fig. 1). Embryologist Edwin Grant Conklin in

1897 called the line which joins the two vertexes of triple

contacts, the polar furrow (Conklin 1897).

For early stages of embryogenesis we have only a small

number of cells and therefore we cannot have a statically

determined cell ensemble. So we need to find a special way

of mathematical description for early development. An

examination of the cleavage reveals that the synchronous

cleavage can be described by simple formalization of

contacts during early development (for any abstract

organism):

1f g ! 2; 2
n o

! 2; 4 ; 4; 2
� �

! 3; 4 ; 3; 5 ; 4; 6 ; 5; 2
� �

! . . .

ð12Þ

Here we need to note that this representation contains

only partial information on spatial organization of

embryo—we do not know which cells have contacts and

can recognize only direct sisters. The first code {1} is the

egg where the contacts are absent. The second code

2; 2
n o

is the embryo after the first cleavage with two

connected blastomeres. These two codes are universal for

any organism. The third code 2; 4 ; 4; 2
� �

is the

result of second cleavage with 4 connected blastomeres.

Next code is a set of 8 blastomeres after the third cleavage

and so on. The numbers separated by comma ‘‘,’’ in each

code is the amount of contacts of the corresponding

blastomere with the neighbors and environment. More

precisely the amount of contacts is the minimal number of

faces (like for polyhedra, where any face is homeomorphic

to a solid disk). The order of blastomeres in each code

reflects the keeping order of blastomeres. The underlined

pairs of numbers denote a pair that appeared as a result of

the previous cleavage. Clearly, the underlined pairs will not

remain in the next code. If any of the underlined pairs of

blastomeres is reduced to the previous mother blastomere,

then the order of the code will also return to the previous

code. Thereby, genealogy of cleavage can be defined in an

algorithmic way. In the case of asynchronous development,

the second cleavage will be as following:

1f g ! 2; 2
n o

! 3; 3 ; 3
� �

2; 4 ; 2
� � ! . . . ð13Þ

Here and always we assume that only one face of the

blastomere can be free from contacts with other

blastomeres. For both synchronous and asynchronous cell

divisions, future cleavages will lead to the combinations

described above for the case of more than 4 blastomeres.

Even if a blastomere does not divide (13) the amount of its

contacts can be changed as a result of the cleavage.

Therefore, it appears as a consequence of transition from a

code to another code, which describes the transformation

from one stage to another in embryo development. Up to

stage of 4 blastomeres, there are 6 different consequences.

If the different orders in the contacts are considered, the

amount of consequences is larger.

An asynchronous cleavage is

2; 2f g ¼ 1; 1; 2ð Þ; 1; 1; 2ð Þf g

! 3; 3; 3f g ¼ 2; 3; 3ð Þ; 2; 3; 3ð Þ; 2; 3; 3ð Þf g
2; 4; 2f g ¼ 2; 2; 2ð Þ; 4; 6; 4ð Þ; 2; 2; 2ð Þf g

! . . .

ð14Þ

First case 3; 3; 3f g is a ‘‘compact’’ cleavage, second

2; 4; 2f g is a linear cleavage (Fig. 7). Here we need to

use the previous notion: if external surface of cell

conglomerate has some components, this cell complex

will be having some imaginary cells (see above). This

imaginary cell is like an external body that has a contact

with blastomeric configuration by its whole boundary

surface. So a given blastomeric configuration will be closed

3-manifold with Euler’s theorem:

E0 � E1 þ E2 � E3 ¼ 0 ð15Þ

First blastomeric configurations have the following

presentation (Figs. 7, 8, and 9 have the same format of

ordering and the second row below blastomere’s

{ }
( )

1 1

2 2

1

1; 0; 1; 2

0 0

1 1A a

+
= =

{ }
( )

( )2

2 2

2 2

2, 2

1; 1; 3; 3

1 1

2 2A a

+
= =

{ }
( )

( )2

2 2 2 2 2

3 2
2 24 3

2, 4, 2

4; 6; 6; 4

2 2 4 2 4

2 2A a

∪ +
= =

{ }
( )

( )3

3 3

2 2

3, 3, 3

2; 4; 6; 4

2 2

3 3A a

+
= =

Fig. 7 Regular stages with one, two, and three blastomeres. Com-

binations of single {1} = (1;0;1) with single imaginary cell ~01, two

2; 2f g ¼ 1; 1; 2ð Þ; 1; 1; 2ð Þf g with single imaginary cell ~12, three

blastomeres 2; 4; 2f g—three blastomeres with single imaginary

cell g2242 and 3; 3; 3f g ¼ 2; 3; 3ð Þ; 2; 3; 3ð Þ; 2; 3; 3ð Þf g with

single imaginary cell ~23 and these constructions are structurally stable
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configurations is E0; E1; E2; E3ð Þ ¼ Vertexesj j;ð
Edgesj j; Facesj j; Cellsj jÞ under condition (15)).

Finally, for a synchronous cleavage up to 4-blastomere

stage we found next variants:

1f g ! 2; 2f g

!

2; 4; 4; 2f g � 22ð Þ2 [ 2252ð Þ2

4; 4; 4; 4f g �h 2242ð Þ4
34ð Þ4

2 2; 2; 5f g � 22ð Þ3 [ 2362

3; 3; 4; 4f g � 23ð Þ2 [ 2242ð Þ2
3; 3; 5; 2f g � 2132ð Þ2 [ 213252 [ 22

! � � �
ð16Þ

Linear combinations 2; 4; 4; 2f g and both

4; 4; 4; 4f g are described as following Fig. 8.

The case 4; 4; 4; 4f g has an additional topo-

logical realization—the spiral cleavage with single imagi-

nary blastomere ~34. Other patterns—irregular cleavage

2; 2; 2; 5f g with single imaginary blastomere g2362;

rhombic cleavage 3; 3; 4; 4f g ? single imaginary

blastomere g2242; T-shaped cleavage 3; 3; 5; 2f g ?

single imaginary blastomere g213252 (Fig. 9).

Discrete curvature of embryonic tissues

Here we begin an investigation of a big cell ensemble

by statistics. These cell conglomerates appear during

embryonic tissue formation. Returning to polyhedral sur-

faces we understand that sometimes it is useful to have a

notion of combinatorial curvature, independent of all

geometrical information (Sullivan 2008). In hexagonal

2d-cell network, presence of faces with another number of

sides can be considered as a topological dislocation of

homogeneous graph (Duvdevani-Bar and Segel 1994;

Rivier et al. 2005). The non-hexagonal faces on the

sphere (called defects or disclinations) appear to form 12

‘‘scars’’ (or sometimes ‘‘buttons’’) roughly centered at the

vertices of an inscribed icosahedron. The point energies

are nearly equal for a lot of ‘‘hexagonal points’’, while the

‘‘pentagonal points’’ have relatively elevated energies and

the ‘‘heptagonal points’’ have relatively lower energies.

The appearance of non-hexagonal faces is not surprising,

since an Euler’s characteristic computation readily implies

that the sphere cannot be covered by hexagons alone. But

what is fascinating is that the twelve formations of these

five and seven nearest neighbor points appear to be

independent, for example, of the ground potential (Hardin

and Saff 2004).

For each graph on the sphere S
2 a face can be charac-

terized by the number of neighboring faces, and discrete

curvature can be also defined for polyhedral surface with

canonical Euclidean metrics for 3d-space. We now give a

general definition of polyhedral manifolds; this leads to

another interpretation of Gauss’s curvature for a polyhe-

dral surface. A polyhedral 3-manifold P
3 means a CW-

complex which is homeomorphic to a 3-manifold, and

which is regular and satisfies the intersection condition.

That is, each cell is embedded in P
3 with no identifications

on its boundary, and the intersection of any two cells (of

any dimension) is a single cell (if it is nonempty). Because

P
3 is topologically a manifold, each face is contained in

exactly two cells [face-to-face].

The idea how to define a combinatorial curvature was

presented in our previous work (Presnov and Isaeva 1990)

in a simple way: on the surface of fertilized and cleaving

egg (S2) the discrete morphogenetic field emerges as a

pattern of blastomere contacts. For every face f, a value

k(f) of combinatorial curvature of this face

k fð Þ :¼ 1� fj j
6

ð17Þ

can be defined. This is combinatorial curvature of a face on

the 3d-cell, as can be understood if we apply the Gauss–

Bonnet’s theorem for sphere

{ }
( )

( ) ( )2 2

2 2 2 2 4

3
2 25

2, 4, 4, 2

8; 12; 9; 5

2 2 5 2 5

3 3A a

∪ +
= =

{ }
( )

( ) ( )24

2 2 6

2
2 23

4, 4, 4, 4

8; 16; 14; 6

2 4 4

4 4A a

+

= =

{ }
( )

( )4

4 4

2 2

4, 4, 4, 4

5; 10; 10; 5

3 3

4 4A a

+
= =

Fig. 8 2; 4; 4; 2f g—is linear cleavage with single imaginary

cell g2254 . 4; 4; 4; 4f g—is regular cleavage with couple imag-

inary cells ~46

� �2
(they give 2 additional faces) and last configuration

4; 4; 4; 4f g: regular stages of four blastomeres: 34ð Þ4þ~34 is

spiral cleavage with imaginary blastomere—construction is structur-

ally stable

{ }
( )

( )3

2 3 2 3 2

31
2 25 4

2, 2, 2, 5

6; 9; 8; 5

2 2 6 2 6

3 2A a

∪ +
= =

{ }
( )

( ) ( )2 2

3 2 2 2 2

3 1
2 25 2

3, 3, 4, 4

4; 8; 9; 5

2 2 4 2 4

3 3A a

∪ +
= =

{ }
( )

( )2

1 2 1 2 2 2 1 2 2

3 1
2 25 4

3, 3, 5, 2

6; 10; 9; 5

2 3 2 3 5 2 2 3 5

3 3A a

∪ ∪ +
= =

Fig. 9 Regular stages of four blastomeres: with imaginary blasto-

mere—construction is structurally stable
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1

2p

Z

S
2

kdr ¼ 2 ð18Þ

Here k is Gaussian curvature (Dubrovin et al. 1992).

With the consequence of Euler’s theorem for structurally

stable graphs on the sphere,
P

f kðf Þ ¼ 2 (see (1)).

Therefore, k(f) is the discrete analogue of continuous

value k.

Remark The same approach was proposed elsewhere. A

corner of a tessellating graph is a pair (v, f) [ V 9 F such

that v [ qf. The set of all corners of G is denoted by

C :¼ C(G). Let G be a plane tessellation. Then the function

C ! R
1 defined by

k v; fð Þ :¼ 1

vj j þ
1

fj j �
1

2
ð19Þ

is called the combinatorial curvature (on the graph G)

(Klassert et al. 2006). The graph G is said to have

nonpositive curvature if k(v, f) B 0 for every (v, f) [ C. In

the case of planar graph (exactly for polyhedron) we can

define a combinatorial curvature of vertex by next formula

(Baues and Peyerimhoff 2001; Higuchi 2001; Klein 2002):

k vð Þ ¼
X

f :v2of

k v; fð Þ ð20Þ

By analogous (dual) formula we can define a

combinatorial curvature of face (Higuchi 2001; Gromov

1987):

k fð Þ ¼
X

v:v2of

k v; fð Þ ð21Þ

It is easy to see that for structurally stable graph vj j ¼ 3½ �
formula (21) is exactly the formula (17). Evidently, the

sums of combinatorial discrete curvatures for the whole

surface of a given polyhedron are calculated by different

ways, which are equal:X
f

k fð Þ ¼
X

v

k vð Þ ð22Þ

For the sphere this sum equals 2 (see above Gauss–

Bonnet’s theorem). The definition of combinatorial

curvature is relevant for planar graphs only.

Topological conjecture about blastulation

and gastrulation

The egg cleavage results in a pattern of cell contacts on the

surface of the embryo as a discrete morphogenetic field.

The epithelization of the primary germ layer and the pro-

gressive switch from a maternal to a zygotic control of

embryo patterning takes place at different stages according

to the species. The connectivity of an epithelial layer

during epithelial morphogenesis is ensured by the system

of specialized intercellular contacts that integrate cells and

cell cytoskeleton into a united morphological and func-

tional entity (Kolega 1986; Zallen 2007). Epithelial cell

sheets are capable for morphogenetic movements, and

topological inhomogeneities presumably can determine the

localization and direction (inside or outside) of the

movement.

There are only five homogeneous (k = const) discrete

fields on the sphere, which correspond to five regular

polyhedra, and only three of them are structurally stable

(34, 46 and 512 see previous figures). During synchronous

cleavage divisions, only the first four blastomeres can

create a homogeneous field on the embryo surface, later the

field pattern of cellular contacts on the embryo surface

inevitably becomes topologically inhomogeneous. As soon

as the sum of adjacent faces becomes more than 6, the

face’s curvature becomes negative, which leads to invagi-

nation. When the number of adjacent faces is less than 6,

the face’s curvature is positive, which leads to evagination

(see Figs. 10, 11, and 13).

An active epithelial morphogenesis was revealed in

experiments in vitro: starfish eggs denuded of the fertiliza-

tion membrane formed a cell monolayer after several

cleavages, the cell sheets became concave, folded, and

finally its edges closed forming a hollow sphere resembling

Fig. 10 Topological inhomogeneities of surface discrete fields

Fig. 11 Topological inhomogeneities in monolayer of starfish blas-

tomeres in the beginning of blastulation process
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a normal blastula; such morphogenetic process was named

blastulation (Dan-Sohkawa and Fujisawa 1980; Kadokawa

et al. 1986). Figure 11 shows the modified image of a

fragment from the photograph (Figure 1a) published by

(Kadokawa et al. 1986); here are several cells having con-

tacts more than 6 (i.e., negative curvature) indicated. Thus,

the presence of the cells with negative curvature determines

(at least, correlates with) the incurvation of the cell sheet.

We observed similar blastulation process in experiments

with dissociated blastomeres using embryos of the sea

urchin Strongylocentrotus nudus. It was shown earlier that

sea urchin embryos formed from reaggregated blastomeres

are possible to develop into larvae (Giudice 1962) and

transform after metamorphosis into fertile sea urchins

(Hinegardner 1975).

Epithelial cell layers in metazoan organisms are char-

acterized by outer-inner anisotropy. Two sides of a cell

sheet may also differ in number of cells and cell contacts

(Fig. 12) that can determine the vector of an epithelial

morphogenesis: incurvation (invagination) or excurvation

(evagination) of the cell layer.

Topological inhomogeneities of discrete fields of cell

contacts on the surface of animal and vegetative semi-

spheres of cleaving embryos are demonstrated by Fig. 13.

This figure represents modified images which reproduce

with precision the original pattern of cell contacts between

blastomeres of an annelid embryo (a, b) after (Child 1900),

and a crustacean embryo (c, d) after (Anderson 1973). The

localization of the singularities of negative curvature on

vegetative surface of these embryos coincides with the site

of invagination during the following gastrulation process,

whereas cells of positive curvature are present on the animal

pole surface. Other examples of negative curvature singu-

larities on vegetative semi-spheres of cleaving embryos in

variety of animals were shown earlier (Presnov and Isaeva

1991). This means that the symmetry of the discrete mor-

phogenetic field is breaking. The occurrence of inhomoge-

neity of discrete field patterns on a sphere is a consequence

of the topological construction of our 3d-physical space.

This rises from Euler’s theorem for polyhedra. So, in

accordance with biological terminology, positional infor-

mation for discrete morphogenetic fields is determined by

the Gauss–Bonnet’s theorem and by Euler’s theorem as a

relationship between its local order and the integral order.

Obviously, gastrulation is not genetically related to the

inhomogeneities of the blastomere pattern following

cleavage. Rather, the place on the egg surface with the

highest value of the cell field coinciding with the localiza-

tion of invagination (or cell immigration), during gastrula-

tion determines the initiation of morphogenetic cell

movement (Presnov and Isaeva 1991). Conversely, cells

with lowest number of contacts become centers of evagi-

nation and proliferation; a similar concept was previously

put forward by (Pyshnov 1980) to explain cell proliferation

in intestinal macrovilli; cells of positive curvature were

actually found on the macrovillus top surface (Pyshnov

1980; see also Klein 2002; Rumpler et al. 2008). Gastrula-

tion is the inevitable topological transition from the sphere

with field singularities to the torus with homogeneous field,

a transition that means zeroing of the field (Isaeva et al.

2006). The epithelial surface of an embryo after gastrulation

or a larva with a through intestine tube (having both oral and

anal openings) is a surface of genus 1, topologically

equivalent to a sphere with one handle or to a torus. So a

postgastrulation embryo or larva is a topologically stable

object and, consequently, gastrulation is indeed a way of

topological stabilization in embryogenesis.

Metazoan morphogenesis may be represented as a suc-

cession of shape transformations, topological modifica-

tion(s) of smooth closed epithelial surfaces (Isaeva et al.

2008). This transition from blind archenteron to through

intestine tube is the first topological transformation in

metazoan development and evolution. Thus, the local

topological surgery leads to the global topological modi-

fication of biological forms, as the genus of the surface is a

global property. Topological dependence and topological

constraints are fitted into evolutionary and genetically

determined processes of embryogenesis—biological mor-

phogenesis cannot be independent of the topological

organization of physical space.

Fig. 12 A schematic sketch illustrating a different number of cell

contacts on outer and inner sides of an epithelial layer

Fig. 13 Topological singularities on the surface of animal (a, c) and

vegetative (b, d) semi-spheres of cleaving embryos: a, b—Arenicola
(Annelida); c, d—Holopedium (Crustacea)
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Conclusions

Local singularities and the integral morphogenetic pattern

are closely linked in a developing organism. In other words,

the topological organization of physical space, taken as a

whole, can provide a sketch of fundamental morphogenetic

phenomena in biology, especially for discrete morphologi-

cal transformations of external shapes that occur during

development and evolution. The animal body surface is an

interface between an organism and its environment, there-

fore, adaptive topological transformations of the body sur-

face result in an enlargement of the interface so as to ensure

the optimal distribution of external medium flows within an

organism, better utilization of necessary nutrients and oxy-

gen, and more complete excretion. The topological

approach makes it possible to consider as a whole the suc-

cession of shape transformations of a metazoan organism in

development and evolution, topological relation between

local and global orders, topological dependence and topo-

logical constraints of biological morphogenesis.
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